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REPRESENTABILITY AND AUTOEQUIVALENCE GROUPS
XIAO-WU CHEN
Abstract. For a finite dimensional algebra A, we prove that the bounded
homotopy category of projective A-modules and the bounded derived cate-
gory of A-modules are dual to each other via certain categories of locally-finite
cohomological functors. The duality gives rise to a 2-categorical duality be-
tween certain strict 2-categories involving the bounded homotopy categories
and bounded derived categories, respectively. We apply the 2-categorical dual-
ity to the study of triangle autoequivalence groups. These results are analogous
to the ones in [M.R. Ballard, Derived categories of sheaves on singular schemes
with an application to reconstruction, Adv. Math. 227 (2011), 895–919].
1. Introduction
Let k be field. It is well known that the homological behavior of a finite dimen-
sional k-algebra A with infinite global dimension is similar to that of a singular
projective scheme X. For example, the difference between the category perf(X)
of perfect complexes and the bounded derived category Db(coh-X) measures the
singularity of X; see [10]. In the same manner, the difference between the bounded
homotopy category Kb(A-proj) of projective A-modules and the bounded derived
category Db(A-mod) measures the homological singularity of A, or more precisely,
the stable properties of the module category A-mod; see [4, 8].
The following remarkable observation is made in [2]: for such a scheme X, there
is a duality of linear categories between perf(X) and Db(coh-X) via the categories
of cohomological functors. This duality is applied to the study of triangle autoe-
quivalence groups and the reconstruction of X from these triangulated categories.
We mention that the duality is essentially proved by the representability of cer-
tain locally-finite cohomological functors. The related representability theorems
are obtained in [3, 6, 12].
Inspired by [2], it is natural to expect that such a duality holds betweenKb(A-proj)
and Db(A-mod). The first result confirms this expectation; see Theorem 2.8. We
mention that its proof is modified from the one in [2, Section 3].
Following [2, Section 4], we use the pseudo-adjunctions and the above duality to
obtain a 2-categorical duality, which involves these triangulated categories. For a
more precise statement of the following second result, we refer to Theorem 3.2.
Theorem. Let Kb be the strict 2-category with objects being all finite dimen-
sional algebras A, 1-morphisms being triangle functors between Kb(A-proj), and
2-morphisms being natural transformations. Let Db be the analogous 2-category
replacing Kb(A-proj) by Db(A-mod). Then there is a 2-categorical duality
K
b ∼−→ Db,
which acts on objects by the identity.
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We mention that an analogue of the above theorem for projective schemes is also
true by the results in [2, Section 4].
The above 2-categorical duality is applied to the study of triangle autoequiva-
lence groups. For a triangulated category T , we denote by Aut△(T ) its triangle
autoequivalence groups, whose elements are the isomorphism classes of triangle au-
toequivalences on T . The derived Picard group DPic(A) is an important invariant
of an algebra A, whose elements are the isomorphism classes of two-sided tilting
complexes over A; see [14, 13].
The following group homomorphisms are well known
DPic(A)
ev
−→ Aut△(D
b(A-mod))
res
−→ Aut△(K
b(A-proj)).
Here, the homomorphism “ev” sends a two-sided tilting complex X to the de-
rived tensor functor X⊗LA−, and “res” denotes the restriction of autoequivalences.
Moreover, the homomorphism “ev” is injective. By the proof of [5, Section 6], the
homomorphism “res” is also injective.
The fundamental open question in [11, Section 3] asks whether any derived
equivalence is standard, or equivalently, whether “ev” is surjective. The following
third result implies that the open question is equivalent to the surjectivity of the
composition “res ◦ ev”; see Corollary 3.6.
Proposition. Let A be a finite dimensional k-algebra. Then the restriction homo-
morphism
Aut△(D
b(A-mod))
res
−→ Aut△(K
b(A-proj))
is an isomorphism.
The surjectivity of “res” is equivalent to the fact that any triangle autoequiva-
lence on Kb(A-proj) extends to a triangle autoequivalence on Db(A-mod). More
generally, the extension of triangle functors is studied in Proposition 3.4. The re-
lation between the isomorphism “res” and the work [5] is discussed at the end of
this paper; see Corollary 3.8.
The structure of this paper is straightforward. Throughout, we require that all
the algebras, categories and functors are k-linear over a fixed field k.
2. Cohomological functors and representability
In this section, we prove that there is a duality between the bounded homotopy
category of projective modules and the bounded derived category of modules. The
duality is realized via the categories of locally-finite cohomological functors.
2.1. A representability lemma. Let k be a field. Denote by k-Mod the category
of k-vector spaces and by k-mod the full subcategory of finite dimensional vector
spaces.
Let C be a skeletally small triangulated category, which is k-linear and Hom-
finite. Here, the Hom-finiteness means that each Hom space HomC(X,Y ) is finite
dimensional. A k-linear functor F : C → k-Mod is cohomological provided that F
sends exact triangles to long exact sequences of vector spaces. The cohomological
functor F is locally-finite provided that the vector space
⊕
n∈Z F (Σ
nX) is finite
dimensional for each object X ∈ C. Denote by coho(C) the category of locally-finite
cohomological functors.
Let T be a triangulated category with arbitrary coproducts. Recall that an
object X is compact provided that the following canonical injection
⊕
i∈Λ
HomT (X,Yi) −→ HomT (X,
⊕
i∈Λ
Yi)
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is surjective for any objects Yi indexed by any set Λ. Denote by T
c the full subcat-
egory of T formed by compact objects; it is a thick triangulated subcategory. The
triangulated category T is said to be compactly generated provided that T c is skele-
tally small and that for each nonzero object Y ∈ T , there is a nonzero morphism
X → Y with X compact.
We assume further that T is k-linear. An object X is locally-finite provided that
the restricted Hom functor
HomT (−, X)|T c : (T
c)op −→ k-Mod
is locally-finite. Denote by Tlf the full subcategory of T consisting of locally-finite
objects, which is a thick triangulated subcategory.
The following fundamental result [2, Lemma 3.3] is a finite version of the Brown
representability theorem. Its first part is due to [6, Lemma 2.14], and its second
part relies on [7, Section 2].
Lemma 2.1. Let T be a k-linear triangulated category which is compactly gen-
erated. Then any cohomological functor F : (T c)op −→ k-mod is represented by
some object X ∈ T , that is, isomorphic to HomT (−, X)|T c . Moreover, any natural
transformation between such cohomological functors is induced by some morphism
between the representing objects. 
Recall that a morphism f : X → Y in Tlf is phantom provided that each compo-
sition f ◦ g is zero for any morphism g : C → X with C compact. These phantom
morphisms form a two-sided ideal ph of Tlf . Denote by Tlf/ph the factor category
of Tlf by the phantom ideal.
Corollary 2.2. Let T be a k-linear triangulated category which is compactly gen-
erated. Then the restricted Yoneda functor
Tlf −→ coho((T
c)op), X 7→ HomT (−, X)|T c
is full and dense. In particular, it induces an equivalence of categories
Tlf/ph
∼
−→ coho((T c)op).
Proof. The first assertion follows from Lemma 2.1. It suffices to observe by defini-
tion that a morphism f is phantom if and only if HomT (−, f)|T c = 0. 
2.2. Duality via cohomological functors. Let A be a finite dimensional k-
algebra. Denote by A-Mod the category of left A-modules. We denote by A-mod
and A-proj the full subcategories consisting of finitely generated A-modules and
finitely generated projective A-modules, respectively.
We use the cohomological notation. Denote a complex of A-modules by X =
(Xn, dnX)n∈Z. The n-th cohomology of X is denoted by H
n(X). For each n, we
denote by σ≥n(X) the subcomplex of X consisting of components with degree at
least n. Denote by K(A-Mod) and D(A-Mod) the homotopy category and derived
category of A-Mod, respectively. The translation of complexes is denoted by Σ.
We collect some well-known facts for later use. The following observation is
contained in [9, Lemma 2.6].
Lemma 2.3. Let f : P → X be a chain morphism such that P consists of projective
modules andHn(X) = 0 for n < 0. Assume that the restriction f |σ≥0(P ) : σ≥0(P )→
X is homotopic to zero. Then f is homotopic to zero.
Proof. We apply the cohomological functor HomK(A-Mod)(−, X) to the canonical
triangle
σ≥0(P ) −→ P −→ P/σ≥0(P ) −→ Σσ≥0(P ).
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By assumption, we observe that HomK(A-Mod)(P/σ≥0(P ), X) = 0. We deduce that
the restriction map
HomK(A-Mod)(P,X) −→ HomK(A-Mod)(σ≥0(P ), X)
is injective. Then the result follows. 
For an A-module M , we denote by i(M) the injective resolution of M . Then we
have a quasi-isomorphism aM : M → i(M), where M is viewed as a stalk complex
concentrated on degree zero.
Lemma 2.4. Let X be a complex consisting of injective A-modules. Then there is
an isomorphism
HomK(A-Mod)(i(M), X) −→ HomK(A-Mod)(M,X), f 7→ f ◦ aM .(2.1)
In particular, we have an isomorphism
HomK(A-Mod)(i(A),Σ
n(X))
∼
−→ Hn(X)(2.2)
for each integer n.
Proof. The first isomorphism is due to [8, Lemma 2.1]. For the second, we just use
the canonical isomorphism HomK(A-Mod)(A,Σ
n(X)) ≃ Hn(X). 
We denote by rad(A) the Jacobson radical of A and set A0 = A/rad(A). For
a complex X , we denote by τ<n(X) and τ>n(X) the good truncations. More
precisely, we have τ<n(X) = · · · → X
n−3 → Xn−2 → Kerdn−1X → 0 and τ>n(X) =
0→ CokdnX → X
n+2 → Xn+3 → · · · .
Lemma 2.5. Let X be a complex consisting of injective A-modules. Then the
following statements are equivalent:
(1) HomK(A-Mod)(i(A0), X) = 0.
(2) H0(X) = 0 and Kerd−1X is an injective A-module.
(3) The complex X is homotopic to τ<0(X)⊕ τ>0(X).
In this situation, the complex τ<0(X)⊕τ>0(X) also consists of injective A-modules.
Proof. For “(1) ⇒ (2)”, we observe that i(A) is an iterated extension of direct
summands of i(A0) in K(A-Mod). It follows that HomK(A-Mod)(i(A), X) = 0. By
(2.2) we have H0(X) = 0. We observe an isomorphism
Ext1A(A0,Kerd
−1
X ) ≃ HomK(A-Mod)(A0, X),
since 0 → Kerd−1X → X
−1 → X0 → X1 is a part of an injective resolution
of Kerd−1X . Applying (2.1) for M = A0 and using this isomorphism, we deduce
Ext1A(A0,Kerd
−1
X ) = 0, which implies that Kerd
−1
X is an injective A-module.
For “(2) ⇒ (3)”, we observe that the A-modules Imd−1X , Imd
0
X and Cokd
0
X are
all injective. It follows that as a complex, X is isomorphic to τ<0(X)⊕τ>0(X)⊕E,
where E = · · · → 0 → Imd−1X → X
0 → Imd0X → 0 → · · · is homotopic to zero. In
view of (2.1) for M = A0, the remaining implication “(3)⇒ (1)” is trivial. 
Corollary 2.6. Let X be a complex consisting of injective A-modules and n0 > 0.
Assume that HomK(A-Mod)(i(A0),Σ
n(X)) = 0 whenever |n| ≥ n0. Then X is
homotopic to τ<n0τ>−n0(X), which is also consisting of injective A-modules.
Proof. We apply Lemma 2.5 first to Σn(X) for each n ≤ −n0. Then we have an
isomorphism X ≃ τ<−n0(X)⊕ τ>−n0(X) in K(A-Mod), where τ<−n0(X) is acyclic
with injective cocycles. It follows that τ<−n0(X) is homotopic to zero. Hence X
is homotopic to τ>−n0(X). Then we apply Lemma 2.5 to Σ
n(τ>−n0(X)) ≃ Σ
n(X)
for each n ≥ n0. By a similar reasoning, we obtain the required isomorphism in
K(A-Mod). 
REPRESENTABILITY AND AUTOEQUIVALENCE GROUPS 5
The main concerns are the bounded homotopy category Kb(A-proj) and the
bounded derived category Db(A-mod). It is natural to view Kb(A-proj) as a full
triangulated subcategory of Db(A-mod); moreover, they are equal if and only if the
algebra A has finite global dimension.
The following intrinsic description of the subcategory Kb(A-proj) in Db(A-mod)
is standard.
Lemma 2.7. Let Y ∈ Db(A-mod). Then Y lies in Kb(A-proj) if and only if
HomDb(A-mod)(Y,Σ
i(X)) = 0 for each X ∈ Db(A-mod) and i≫ 0. 
The main result of this section is as follows, which establishes the promised
duality between Kb(A-proj) and Db(A-mod). It is analogous to [2, Theorem 3.2
and Proposition 3.12].
Theorem 2.8. Let A be a finite dimensional k-algebra. Then we have equivalences
of categories
Db(A-mod)
∼
−→ coho(Kb(A-proj)op), X 7→ HomDb(A-mod)(−, X)|Kb(A-proj)
and
Kb(A-proj)
∼
−→ coho(Db(A-mod)), P 7→ HomDb(A-mod)(P,−).
Proof. For the first equivalence, we set T = D(A-Mod). It is well known that T
is compactly generated and that there is a natural identification between T c and
Kb(A-proj). Since Kb(A-proj) is generated by A, an object X ∈ T is locally-finite
if and only if
⊕
n∈ZHomT (A,Σ
n(X)) is finite dimensional. We recall the canonical
isomorphism
HomT (A,Σ
n(X))
∼
−→ Hn(X).
It follows that a complex X ∈ T is locally-finite if and only if the total cohomogical
space
⊕
n∈ZH
n(X) is finite dimensional, in other words, X lies in Db(A-mod).
Hence, we identify Tlf with D
b(A-mod).
We observe that there is no non-zero phantommorphism f : X → Y inDb(A-mod).
Indeed, we may assume that X is a bounded-above complex of projective modules
and that f is a chain map. The phantom property implies that f |σ≥n(X) is homo-
topic to zero for any integer n. By Lemma 2.3, we infer that f is homotopic to
zero. By combining these facts, the first equivalence follows from Corollary 2.2.
For the second equivalence, let Aop be the opposite algebra of A. We consider
T ′ = K(Aop-Inj), the homotopy category of injective Aop-modules. By [8, Propo-
sition 2.3], T ′ is compactly generated and there is a natural identification between
T ′
c
and Db(Aop-mod). Recall that we identify a complex Y in Db(Aop-mod) with
its injective resolution i(Y ) in T ′.
We claim that an object I in T ′ is locally-finite if and only if it lies inKb(Aop-inj),
the bounded homotopy category of finitely generated injective Aop-modules. The
“if” part is clear. Conversely, we assume that I is locally-finite. Then there is
some n0 > 0 such that HomK(Aop-Mod)(i(A0),Σ
n(X)) = 0 whenever |n| ≥ n0.
By Corollary 2.6, we may assume that I is a bounded complex of injective A-
modules. By (2.2) we infer that the total cohomology space
⊕
n∈ZH
n(I) is finite
dimensional. It follows that the bounded complex I is an injective resolution of a
bounded complex of finitely generated A-modules. In other words, we have that up
to isomorphism, I lies in Kb(Aop-inj). This proves the claim.
We now apply Corollary 2.2 to T ′. We identify T ′
c
with Db(Aop-mod), and T ′lf
with Kb(Aop-inj). Since T ′lf ⊆ T
′c, the phantom ideal vanishes. Hence, we have an
equivalence
Kb(Aop-inj)
∼
−→ coho(Db(Aop-mod)op), I 7→ HomDb(Aop-mod)(−, I).
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Using the duality functorD = Homk(−, k) on modules, we identifyK
b(A-proj) with
Kb(Aop-inj)op, and Db(A-mod) with Db(Aop-mod)op. Then the required equiva-
lence follows immediately. 
3. Pseudo-adjunctions and triangle autoequivalences
In this section, we apply Theorem 2.8 to obtain a 2-categorical duality between
two strict 2-categories involving the bounded homotopy categories of projective
modules and the bounded derived categories of module categories, respectively.
Since the triangulated structures are not properly captured in the equivalences in
Theorem 2.8, we use the pseudo-adjunctions in [2] to obtain the required assignment
between triangle functors.
Throughout this section, A and B will be two finite dimensional k-algebras.
3.1. Pseudo-adjunctions and a 2-categorical duality. Let T and T ′ be trian-
gulated categories, with translation functors Σ and Σ′, respectively. Recall that a
triangle functor (F, ω) : T → T ′ consists of an additive functor F : T → T ′ and a
natural isomorphism ω : FΣ→ Σ′F , called the connecting isomorphism of F , such
that it respects exact triangles; more precisely, any exact triangle X
f
→ Y
g
→ Z
h
→
Σ(X) in T is sent to an exact triangle F (X)
F (f)
→ F (Y )
F (g)
→ F (Z)
ωX◦F (h)
−−−−−−→ Σ′F (X)
in T ′. We will later suppress ω and denote (F, ω) simply by F . We emphasize that
natural transformations between triangle functors are required to respect the con-
necting isomorphisms.
Let F = (F, ω) : Kb(A-proj) → Kb(B-proj) be a triangle functor. For each
complex X ∈ Db(B-mod), the following cohomological functor
HomDb(B-mod)(F (−), X) : K
b(A-proj)op −→ k-mod
is locally-finite. By Theorem 2.8, there is a unique complex F∨(X) ∈ Db(A-mod)
with a natural isomorphism
HomDb(B-mod)(F (−), X)
∼
−→ HomDb(A-mod)(−, F
∨(X))|Kb(A-proj).
Moreover, this defines a k-linear functor F∨ : Db(B-mod)→ Db(A-mod) such that
there is a k-linear bifunctorial isomorphism
ΦP,X : HomDb(B-mod)(F (P ), X)
∼
−→ HomDb(A-mod)(P, F
∨(X))
for all P ∈ Kb(A-proj) and X ∈ Db(B-mod). The connecting isomorphism ω yields
a natural isomorphism ω∨ : F∨Σ→ ΣF∨ by the following commutative diagram,
(Σ−1F (P ), X)
(Σ−1ωΣ−1(P ),X)

Σ
// (F (P ),Σ(X))
ΦP,Σ(X)
// (P, F∨Σ(X))
(P,ω∨X)

(FΣ−1(P ), X)
ΦΣ−1(P ),X
// (Σ−1(P ), F∨(X))
Σ
// (P,ΣF∨(X)),
where we omit the notation Hom in the Hom spaces.
Lemma 3.1. Keep the notation as above. Then F∨ = (F∨, ω∨) : Db(B-mod) →
Db(A-mod) is a triangle functor.
Following [2, Section 4], we call F∨ the right pseudo-adjoint of F .
Proof. This is due to [2, Lemma 4.11], where we replace the locally-free resolutions
of complexes of sheaves in the proof by the projective resolutions of complexes of
modules. 
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Conversely, for a triangle functor G : Db(B-mod)→ Db(A-mod) and a complex
P ∈ Kb(A-proj), the following cohomological functor
HomDb(A-mod)(P,G(−)) : D
b(B-mod) −→ k-mod
is locally-finite. By Theorem 2.8 and a similar argument as above, we obtain a
k-linear functor ∨G : Kb(A-proj)→ Kb(B-proj) and a bifunctorial isomorphism
ΨP,X : HomDb(A-mod)(P,G(X))
∼
−→ HomDb(A-mod)(
∨G(P ), X)
for all P ∈ Kb(A-proj) and X ∈ Db(B-mod). Moreover, by [2, Lemma 4.13], the
functor ∨G is a triangle functor, called the left pseudo-adjoint of G. We call the
above isomorphisms Φ and Ψ pseudo-adjunctions.
We denote byKb the strict 2-category, whose objects are all the finite dimensional
k-algebras A such that 1-morphisms are triangle functors between their bounded
homotopy categories Kb(A-proj) of projective modules and that 2-morphisms are
natural transformations between these triangle functors. Similarly, we have the
strict 2-category Db by replacing Kb(A-proj) with Db(A-mod). Denote by (Db)coop
the bidual of Db, where both the 1-morphisms and 2-morphisms are reversed.
The analogue of the following result for projective schemes is essentially proved
in [2, Section 4].
Theorem 3.2. The assignment F 7→ F∨ gives rise to a 2-equivalence
K
b ∼−→ (Db)coop,
which acts on objects by the identity and whose inverse is given by the assignment
G 7→ ∨G.
Proof. Using the pseudo-adjunctions, the assignment F 7→ F∨ defines a (non-strict)
2-functor Kb −→ (Db)coop, whose action on objects is the identity. By the following
bifunctorial isomorphisms
(F (P ), X)
ΦP,X
−→ (P, F∨(X))
ΨP,X
−→ (∨(F∨)(P ), X)
we obtain an isomorphism F → ∨(F∨). Similarly, we obtain an isomorphism G→
(∨G)∨ for each 1-morphism G in Db. Then it is routine to verify that we have the
required mutually inverse 2-equivalences. 
3.2. Extending functors and equivalences. We will extract useful information
from the 2-equivalence in Theorem 3.2. The treatment here is inspired by [2,
Lemmas 4.5 and 4.6] with substantial difference.
Lemma 3.3. Let F : Kb(A-proj)→ Kb(B-proj) and F1 : K
b(B-proj)→ Kb(A-proj)
be two triangle functors. Then the following statements hold.
(1) The pair (F, F1) is adjoint if and only if (F
∨, F∨1 ) is adjoint.
(2) The functor F is an equivalence if and only if so is F∨.
Proof. We recall that a 2-equivalence preserves adjoint 1-morphisms and internal
equivalences. Then the results follow from Theorem 3.2. 
Let F : Kb(A-proj)→ Kb(B-proj) be a triangle functor. We say that a triangle
functor F˜ : Db(A-mod)→ Db(B-mod) extends F , provided that F˜ (Kb(A-proj)) ⊆
Kb(B-proj) and that F is isomorphic to the restriction F˜ |Kb(A-proj) as triangle
functors.
We mention that the following is proved in [1, Lemma 2.8] under the additional
assumption that F is given by the tensor product of a certain bounded complex of
bimodules.
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Proposition 3.4. Let F : Kb(A-proj) → Kb(B-proj) be a triangle functor. Then
F admits an extension F˜ : Db(A-mod) → Db(B-mod) if and only if F has a left
adjoint.
In this situation, the extension F˜ of F is unique up to isomorphism, which
necessarily has a right adjoint. Moreover, F is an equivalence if and only if so is
its extension F˜ .
Proof. For the “only if” part of the first statement, we assume that F˜ extends F .
For each Q ∈ Kb(B-proj) and P ∈ Kb(A-proj), we have bifunctorial isomorphisms
(Q,F (P ))
∼
−→ (Q, F˜ (P ))
ΨQ,P
−→ (∨F˜ (Q), P ).
This yields the required adjunction.
For the “if” part, we assume that (F1, F ) is an adjoint pair. Then by Lemma 3.3(1),
we have an adjoint pair (F∨1 , F
∨). For each P ∈ Kb(A-proj) and X ∈ Db(B-mod),
we have bifunctorial isomorphisms
(F (P ), X)
ΦP,X
−→ (P, F∨(X))
∼
−→ (F∨1 (P ), X).
By Yoneda’s Lemma, we have a natural isomorphism F (P ) ≃ F∨1 (P ), that is, F
∨
1
extends F .
For the uniqueness of F˜ , we observe that ∨(F˜ ) is isomorphic to the left adjoint
F1 of F . It follows that F˜ ≃ F
∨
1 , in particular, it admits a right adjoint F
∨. If F
is an equivalence, then F1 and thus F
∨
1 are equivalences. This proves the “only if”
part of the last statement. The “if” part is well known; see Lemma 2.7. 
An analogue of the following result for projective schemes is mentioned in [2,
Remark 4.6] with a different argument.
Corollary 3.5. Let G : Db(A-mod)→ Db(B-mod) be a triangle functor. Then G
has a right adjoint if and only if G(Kb(A-proj)) ⊆ Kb(B-proj).
Proof. The “only if” part is well known. Assume that G has a right adjoint G1.
Let P ∈ Kb(A-proj). The adjunction
HomDb(B-mod)(G(P ),Σ
i(X)) ≃ HomDb(A-mod)(P,Σ
iG1(X))
implies that HomDb(B-mod)(G(P ),Σ
i(X)) = 0 for each X ∈ Db(B-mod) and i≫ 0.
In view of Lemma 2.7, the complex G(P ) lies in Kb(B-proj).
For the “if” part, we denote by F = G|Kb(A-proj) : K
b(A-proj) → Kb(B-proj)
the restriction of G. In particular, G extends F . Then the existence of the right
adjoint is proved in Proposition 3.4. 
For a triangulated category T , Aut△(T ) denotes its triangle autoequivalence
group, which consists of the isomorphism classes of triangle autoequivalences on T
and whose multiplication is induced by the composition of autoequivalences.
Corollary 3.6. The restriction homomorphism between triangle autoequivalence
groups
Aut△(D
b(A-mod))
res
−→ Aut△(K
b(A-proj)), G 7→ G|Kb(A-proj)
is an isomorphism.
Proof. SinceG extendsG|Kb(A-proj), the required injectivity follows from the unique-
ness of the extension functor in Proposition 3.4. On the other hand, we infer from
Proposition 3.4 that each triangle autoequivalence on Kb(A-proj) extends to a tri-
angle autoequivalence on Db(A-mod). This implies the required surjectivity. 
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We mention that Corollary 3.6 is related to the work [5].
Recall from [14, 13] that DPic(A) is the derived Picard group of A, whose ele-
ments are the isomorphism classes of two-sided tilting complexes of A-modules and
whose multiplication is given by the derived tensor product over A. The evaluation
homomorphism
ev : DPic(A) −→ Aut△(D
b(A-mod))
sends a two-sided tilting complex X to the derived tensor functor X ⊗LA −.
Recall from [5] that an additive category P is K-standard if the following con-
dition is satisfied: each triangle autoequivalence F on Kb(P) is isomorphic to the
identity functor as triangle functors, provided that it satisfies F (P) ⊆ P and that
F |P : P → P is isomorphic to the identity functor. Similarly, an abelian category A
is D-standard if the following condition is satisfied: each triangle autoequivalence
F on Db(A) is isomorphic to the identity functor as triangle functors, provided that
it satisfies F (A) ⊆ A and that F |A : A → A is isomorphic to the identity functor.
The following known results are one of the main motivations for these concepts.
Lemma 3.7. The following statements hold.
(1) The module category A-mod is D-standard if and only if the evaluation
homomorphsim “ev” is surjective.
(2) The category A-proj is K-standard if and only if the composition “res◦ ev”
is surjective.
Proof. Recall that the surjectivity of “ev” is equivalent to the condition that every
derived autoequivalences on Db(A-mod) is standard. Then (1) is contained in [5,
Theorem 5.10]. By a similar argument for Kb(A-proj), one proves (2). 
Combing Corollary 3.6 and Lemma 3.7, we have the following immediate conse-
quence.
Corollary 3.8. Let A be a finite dimensional k-algebra. Then A-proj is K-standard
if and only if A-mod is D-standard. 
We mention that the “only if” part is known. Indeed, let A be an abelian
category with enough projective objects. Denote by P its full subcategory formed
by projective objects. By [5, Theorem 6.1], the K-standardness of P implies the D-
standardness of A. In view of Corollary 3.8, we expect that the inverse implication
is true. This is related to the following question: does any triangle autoequivalence
on Kb(P) extend to a triangle autoequivalence on Db(A)?
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